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The influence of the Reynolds number on the propulsive characteristics of insect wings is investigated by focusing

on the aerodynamic transition fromdrag to thrust. The effect of both the thickness ratio and theReynolds number on

the thrust generation of elliptic airfoils is investigated using a lattice Boltzmann method. Three Reynolds numbers

(Re� 50, 100, and 185) and two Strouhal numbers (Sr� 0:2 and 0.4) are treated, while the thickness ratio is varied

from 0.05 to 1.0. For all investigated Reynolds numbers, it is found that the airfoils oscillating at Sr� 0:2 do not

produce thrust. For Sr� 0:4, it is found that thrust is produced at Re� 185. It is found that an airfoil of

approximately 10% thickness producesmaximum thrust. Thus, it can be said that, for thrust generation, there exists

critical Reynolds and Strouhal numbers, and the thickness ratio is also a crucial parameter. By investigating the

vortex pattern, velocity profiles, and vorticity intensities of the vortex cores behind the oscillating airfoils, it is found

that 1) mushroom vortex patterns indicative of thrust do not completely guarantee the thrust generation, and 2) a

phase lag between the thrust-force indicating vortex pattern and the resulting thrust production is observed. The

present investigation shows that thrust-producing airfoils should produce strong vortices, enough to overcome the

momentum deficit due to the boundary layer. Present results are obtained within the limitation of the laminar flow

assumption.

Nomenclature

c = lattice speed
CD = drag coefficient, CD � 2Fx=�DxU

2

cs = speed of sound
Dx = x-directional elliptic foil, or circular cylinder, diameter
Dy = y-directional elliptic foil diameter
e = particle velocity in a lattice Boltzmann equation model
ei = discrete particle velocity in a lattice Boltzmann equation

model
f = single particle mass distribution function
f
_

= postcollision distribution function
fe = oscillation frequency of cylinder, or elliptic foil
fo = natural shedding frequency for a stationary cylinder
feq = local equilibrium distribution function
h = amplitude of oscillation
k = reduced frequency, k� 2�fe �Dx=U
p = pressure
Q = collision operator
Re = Reynolds number, Re�U �Dx=v
Sr = Strouhal number, Sr� fe � h=U
t = lattice time
U = flight speed

wi = weighting factor
x, y = Cartesian coordinates
xb = solid lattice node
xf = fluid lattice node
yc = y-directional center position of elliptic foil, yc � h �

sin! � t
� = unit lattice length
� = distance between fluid node and boundary of elliptic foil,

or cylinder
� = kinematic viscosity
� = density
� = relaxation parameter for collision
! = angular velocity

I. Introduction

T HE aerodynamics and kinematics of insect flight have received
significant attention by biologists over the past decades. In

regard to the development of a micro air vehicle, insect flight has
been of considerable interest to the aerospace engineering
community. For hovering or cruise flight, considerable progress
has been achieved for elucidating the relationship between wing
kinematics and lift generation mechanisms. In addition to the
increased practicality of computational fluid dynamics, this progress
has been based on advanced flow visualization technology, which
uses a high-speed camera and a digital particle image velocimetry to
study the flow. Extensive reviews on flapping foils and their
applications to the development of aerial ormarine vehicles are given
by Rozhdestvensky and Ryzhov [1] and Ho et al. [2]. Notable
discussions concerning the lift generation mechanisms of insect
wings are present in [3–6], and extensive reviews on the subject are
also presented in several books [7–9].

Another aspect of flapping wing aerodynamics is the control of
vortices for the purpose of propulsion. Extensive reviews on this
subject are presented with regard to the enhancement of man-made
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propulsors [1,10,11]. The study of thrust generation for flapping
wings or fins was first initiated by Knoller [12] and Betz [13]. They
observed that a positive thrust component is generated during both
the up and down strokes of aflappingwing.Birnbaum [14] found that
the effect of vortex shedding from the airfoil trailing edge is governed
by two characteristic speeds [flapping velocity (feDx) and flight
speed (U)], and introduced a reduced frequency of k� 2�feDx=U.
Thus, the Strouhal number (Sr� feh=U), which influences the
frequency, location, and orientation of the vortex shedding, is also a
critical parameter for thrust generation. Von Kármán and Burgers
[15] discovered that the drag (or thrust) generation is a function of the
location and orientation of the shed wake vortices. When the
Strouhal number becomes larger than a certain value, the shed wake
from the airfoil’s trailing edge produces a staggered array of vortices,
with rotations opposite of those from a von Kármán vortex street,
which induce jetlike flows [16,17]. According to the experimental
study of Lai and Platzer [18], mushroom-shaped vortices that point
upstream indicate a drag-producing wake, whereas mushroom-
shaped vortices that point downstream indicate a thrust-producing
wake. Platzer and Jones [19] show that the formation and evolution
of unsteady reverse von Kármán vortex streets is fundamentally
dependent on the value of kh��2�Sr�.

Recently, the influence of the Reynolds number on the
aerodynamic characteristics of insect wings has been revealed by
investigating the change in the lift. Wang [20] investigated the
aerodynamic characteristics of flapping two-dimensional wings and
found that the lift coefficient decreases with a decreasing Reynolds
number. Wu and Sun [21] found from a three-dimensional
simulation that, when the Reynolds number decreases, the lift
coefficient decreases and the drag coefficient increases. Wu and Sun
also found that the drag increases for Reynolds number values below
100.Miller andPeskin [22] investigated the changes in lift and vortex
dynamics for Reynolds numbers between 8 and 128. They found that
aerodynamic transition is observed for Reynolds number values
between 32 and 64. Also, they observed that formed vortices did not
shed during translation at Reynolds number values less than 32,
whereas they alternatively shed during translation at Reynolds
number values above 64. Furthermore, they determined that lift is not
generated below a critical Reynolds number [22]. Similarly, Walker
[23] observed that both leading and trailing edge vortices are not
formed below a critical Reynolds number. Shyy et al. [9] and Shyy
and Liu [24] investigated the effect of Reynolds numbers on the
attached leading edge vortex.

With respect to the thrust generation, Childress and Dudley [25]
studied the swimming of the Clionidae and found that it alternated its
mode of locomotion, between ciliary and flappingmodes, depending
on the hydromechanical environment [25] and Reynolds number.
Godoy–Diana et al. [26] also investigated the relation between the
thrust generation and wake pattern of a flapping foil. They found that
there exists a phase lag between the wake pattern and the thrust
generation.

The purpose of this paper is to investigate, using a laminar lattice
Boltzmann method, the effect of thickness on the aerodynamic
transition in the drag produced by airfoils oscillating in a low
Reynolds number flow. The shape of an airfoil is a major design
parameter in the aircraft of awing.Most of the previous experimental
and numerical studies of unsteady airfoils, with the exception of the
study byLentink andGerritsma [27], assume an airfoil shape equal to
a thin ellipse or a flat plate. For example, Sun and Tang [28] studied a
12% thick ellipse, whereas Wang [29] and Freymuth et al. [30]
studied a 10% thick ellipse. According to Lai and Platzer [18], who
compared the velocity profiles generated by an airfoil and a circular
cylinder in a plunging motion, a circular cylinder does not produce a
jet flow, whereas an airfoil does as a result of its curvature and
asymmetry. The effect of airfoil thickness on this jet flow has not
been studied previously. Thus, in this paper the airfoil shape is
changed from a circular cylinder to a thin ellipse, while the Reynolds
number is changed from 50 to 270 in order to investigate the thrust
generation. The Strouhal number is varied between 0.2 and 0.4 for
the present study, which replicates the values for animal flight in
nature [31]. The present method is validated by comparing the

computed aerodynamic characteristics with other numerical results
based on the Navier–Stokes (N–S) equations.

II. Lattice Boltzmann Method

The lattice Boltzmann equation (LBE) is a derivative of lattice gas
automata. LBM can deal with fluid dynamics from the microscopic,
kinetic level to the macroscopic fluid dynamic behavior by
describing the evolution of the velocity distribution function on a
lattice. The particle interpretation of the scheme with a particle
streaming step followed by a collision step allows the easy parallel
implementation for complex geometries on massively parallel
computers.

The Boltzmann equation is represented as

@f

@t
� e � r f�Q (1)

In Eq. (1), both the left- and right-hand sides represent streaming and
collision processes, respectively. The Boltzmann equation can be
simplified with BGK (Bhatnagar–Gross–Krook) approximation
[32], resulting in the replacement of the nonlinear collision operator
Q by a linearized collision term with the Maxwell equilibrium
distribution function feq

@f

@t
� e � r f�� 1

�
�f � feq� (2)

where � is the relaxation time for collision. Then, the BGK lattice
Boltzmann equation is represented as an explicit form that is easy to
implement and straightforward to parallelize.

fi�x� ei�t; t� �t� � fi�x; t� � �
1

�
�fi�x; t� � feq�x; t�� (3)

When the D2Q9model [33] shown in Fig. 1 is applied to Eq. (3), the
discrete velocity set ei becomes

c�0; 0� i� 0

c�cos �i; sin �i�; �i � �i� 4��=2; i� 1 � 4���
2
p
c�cos �i; sin �i�; �i � �i � 4��=2� �=2; i� 5 � 8

(4)

where the subscript i represents the direction of each discrete
velocity. The lattice speed c represents �x=�t.

The expansion of equilibrium distribution feqi in a Taylor series of
u up to second-order results in

feqi �wi�
�
1� 3

ei � u
c2
� 9

2

�ei � u�2
c4

� 3

2

u � u
c2

�
(5)

wherewi represents theweighting factor whose values depend on the
discrete velocity set

Fig. 1 Two-dimensional, nine-velocity lattice Boltzmannmodel (D2Q9

model).
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wi � 4=9; i� 0

1=9; i� 1 � 4

1=36; i� 5 � 8 (6)

The lattice Boltzmann method is solved with the following two
steps:

Collision step : f
_

i�x; t� � fi�x; t� �
1

�
�fi�x; t� � feq�x; t�� (7a)

Streaming step : fi�x� ei�t; t� �t� � f
_

i�x; t� (7b)

where f
_

i represents the state after the collision. The Chapman–
Enskog expansion [34], which is a standard multiscale expansion
with time and space, results in the corresponding viscosity in theN–S
equation

��
�
� � 1

2

�
c2x�t (8)

In all LBE computations, �must be larger than 0.5. The macroscopic
quantities such as density and velocity can be obtained as

��
X8
i�0

fi (9)

u � 1

�

X8
i�0

fiei (10)

The speed of sound is cs � c=
���
3
p

and the equation of state for an
ideal gas is p� � � C2S .

A moving boundary condition [35] is employed in order to
simulate airfoils in heave oscillation. The moving boundary
condition that represents no-slip conditions on the curved boundary
surface is

f�i�x; t� � q�1� 2q�fi�x� ei�t; t� � �1 � 4q2�f�i�x; t�

� q�1 � 2q�f�i�x � ei�t; t� � 6wi�ei � uw�; q <
1

2
(12a)

f�i�x; t� �
1

q�2q� 1� fi�x� ei�t; t� �
�2q � 1�

q
f�i�x � ei�t; t�

� �2q � 1�
�2q� 1� f�i�x � 2ei�t; t� �

6wi
q�2q� 1� �ei � uw�; q 	 1

2

(12b)

where f �� is the distribution function of the velocity e�i�
 �ei�,uw is
the wall velocity of the moving foil, and q defines the fraction in the
fluid region of a grid spacing intersected by the boundary (See Fig. 2
for nomenclature). When a solid point changes into a fluid point, the
newfluid distribution function (fxf ) is determined by using a second-

order extrapolation along the direction of a chosen discrete velocity
e�. The discrete velocity set is chosen to maximize the quantity
n � e�, where n represents the out-normal to the wall. Then, the new
distribution function can be given as follows (see Fig. 3 for the
nomenclature):

fxf � 3fx0
f
� 3fx00

f
� fx000

f
(13)

The body forces on the body surface can be obtained by using a
momentum exchange method [36]. The force on each link between
fluid and solid nodes on the boundary can be represented with the

amount of momentum exchange e ��f
_

���xb; t� � e�f
_

��xf; t� between
two opposing directions of neighboring lattices illustrated in Fig. 4.
The total fluid force acting on a solid body is obtained as

F �xb� �
X
allxb

X8
��1

e��f
_

���xb; t� � f
_

��xf; t�� � �1 � w�xb � e���

(14)

where w�xb � e�� is 0 at xf and 1 at xb. In Eq. (14), the inner
summation integrates themomentum exchange between a solid node
and all possible neighboring fluid nodes surrounding the solid node.
The outer summation calculates the force contributed by all solid
boundary nodes neighboring with fluid nodes [36].

III. Results and Discussion

To validate the fidelity of the present method for predicting the
aerodynamic forces and vortex dynamics induced by the unsteady
forcedmotion of a solid body, an unsteady flow problem of a circular
cylinder in heaving oscillation in a free stream is selected [37,38]. In
the present calculation, the Reynolds number based on the cylinder
diameter is 185. The cylinder is given by a harmonic oscillation of
yc � h cos�2�fet�, where yc is the location of the cylinder center (see

Fig. 2 Nomenclature of the implementation of the bounce back

boundary condition on the solid wall (modified from Fig. 2 in [35]).

Fig. 3 Nomenclature of the extrapolation scheme (modified fromFig. 3
in [35]).

Fig. 4 Nomenclature of the momentum exchange scheme where the
circle represents fluid nodes and the solid circle represents solid nodes

(modified from Fig. 3 in [36]).
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Fig. 5 for the nomenclature). Both h and fe are the amplitude and the
frequency of the heave oscillation, respectively. The present
computation is performed for h=d� 0:2 and 0:8 � fe=f0 � 1:2 by
following the given conditions in [37]. The natural frequency f0 of
vortex shedding behind a stationary cylinder and the time-averaged
drag coefficient CD of the cylinder are computed as 0.19 and 1.283,
respectively. The number of grid points is 1200 � 1000 in the
streamwise (x) and transverse (y) directions, respectively. As shown
in Fig. 6, the computed variations of both force coefficients and phase
angles with respect to the frequency ratio fe=f0 agree with the
published results [37,38].

The effect of the change in the thickness ratio of an elliptic airfoil
on the thrust generation is investigated for two Strouhal numbers
(Sr� 0:2 and 0.4) and three Reynolds numbers (Re� 50, 100, and
185). The thickness ratio is controlled by changing the aspect ratio of
the elliptic cylinder Dy=Dx. Figure 7 shows the change in the time-
averaged drag (or thrust) coefficient. Both Figs. 8 and 9 represent the
wake patterns and the velocity profiles behind the oscillating airfoils,
respectively.

Figure 7 shows that the time-averaged drag coefficient of the
elliptic foil decreases with the thickness ratio stepping down. When
the thickness ratio is large (Dy=Dx 	 0:9 at Sr� 0:2 andDy=Dx 	
0:7 at Sr� 0:4), the change in the time-averaged drag coefficient
behaves like a bluff body. Vortex dynamics and resulting force
changes have been a long time topic of bluff body aerodynamics that
is beyond the scope of the present study. The aerodynamic transition
from drag to thrust is observedwhen the Reynolds number is 185 and
Dy=Dx is approximately less than 0.27 (an approximately 10% thick
airfoil at Re� 185 and Sr� 0:4 produces the maximum thrust). It
can be concluded from the figures that there are critical values of
Reynolds and Strouhal numbers indicating whether the generated
force is thrust or drag [25]. It can be also said that the slightly thick
airfoils outperform the thin airfoils in the thrust generation.

Figure 8 shows the vorticity contours behind the oscillating
airfoils at Re� 185(Sr� 0:2 for Fig. 8a and St� 0:4 for Fig. 8b).
As shown in Fig. 8a, the nascent wake vortices shed from both upper
and lower surfaces of the circular airfoil (Dy=Dx� 1:0) are aligned
into a staggered fashion (von Kármán vortex streets). As the
thickness ratio decreases (Dy=Dx� 0:9), the distance between the

upper and lower rows is reduced with alternating signs positioned in
a row, and the mushroom vortex pattern indicative of drag starts
quickly [19].When the thickness ratio is less than 0.8, the mushroom
vortex pattern indicative of drag changes into reverse von Kármán
vortex streets with the distance between the upper and lower rows
widening again. It is noticeable that the thrust is not generated even
with thrust-indicating mushroom vortex patterns in the previous
studies [16–18]. As shown in Fig. 8b, in the case of Dy=Dx� 1:0,
typical von Kármán vortex streets with a drag-indicating mushroom
vortex pattern are observed in the far field region after the
complicated wake–wake interactions in the nascent region. When
Dy=Dx is within the range from 0.8 to 0.9, the common feature of
vorticity dynamics of the bluff body (irregular vortex patterns)
becomes dominant in a few chord lengths behind the airfoil. In the
case of Dy=Dx� 0:7, a mushroom vortex pattern [18] with its
orientation pointing vertically downward is shown in the nascent
region, and then the irregular vortex patterns dominates the fields
again.When the thickness ratio is reduced further, except the nascent
region where the thrust-indicating mushroom vortex pattern is
observed, themushroom vortex pattern is neutral with themushroom
head pointing vertically upward. As the thickness ratio is reduced
further (Dy=Dx � 0:4), the neutral vortex pattern is changed into the
mushroom vortex pattern indicative of thrust with its orientation
pointing downward (thrust-producing wake pattern).

From the aerodynamic forces and wake patterns for Re� 185 as
shown in the figures of Figs. 7 and 8, two questions arise 1)Why can
the 10% thick airfoil at Sr� 0:2 not produce thrust even with the
mushroom vortex pattern indicative of thrust; and 2) Why is there a
phase lag between the wake pattern and the resulting force as is
observed in the case of the 40% thick airfoil at Sr� 0:4. The
qualitative answers can be given by looking at the time-averaged

Fig. 5 Nomenclature of the present study.

Fig. 6 Force coefficients and phase angles forRe� 185 and h=D� 0:2.
Time-averaged values of Cd and Cd-bar, and root mean square (rms)

values of Cd and Cl; phase angle between Cl and vertical position of the

cylinder. (○: present, □: Kim and Choi [38], ●: Guilmineau and
Queutey [37])

Fig. 7 Change in time-averaged thrust coefficient due to the variation

of the thickness ratio (Dy=Dx).
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velocity profiles and the vorticity intensities of the wake vortices
behind the oscillating airfoils in Figs. 9 and 10. The time-averaged
velocity profiles represent the momentum balance between the inlet
and the outlet of the fluid domain. As shown in Figs. 9a and 9b, the

velocity profile behind thick airfoils in heave oscillation show the
typical drag-producing velocity profile. As the thickness ratio is
reduced, the jet profile on the centerline with the velocity deficit
peaks on either side of the centerline is observed. In case of Sr� 0:2,

Fig. 8 Vorticity contours behind heaving airfoils for Re� 185.

Fig. 9 Time-averaged velocity profiles behind heaving airfoils at Re� 185.
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the jet is not strong enough to overcome themomentum deficit due to
the boundary layer. When Sr� 0:4 and Dy=Dx � 0:4, the typical
thrust-producing velocity profiles are observed with strong jet
profiles on the centerline. The vorticity intensities in the vortex cores
behind airfoils oscillating at both Sr� 0:2 and Sr� 0:4 explains the
observed phase lag between the indicating vortex pattern and the
resulting force generation. The intensities of vortices behind the thin
foil oscillating atSr� 0:2 areweaker than those behind thick airfoils
oscillating at Sr� 0:4. Thus, it can be deduced that the thrust-
producing airfoil should generate strong enough vortices to
overcome the momentum deficit. The authors found that the
conclusion in [26] agrees with our reasoning on the existence of the
phase lag between the resulting force generation and the indicating
vortex pattern.

IV. Conclusions

The present study investigated the effect of the thickness ratio on
the thrust generation of the elliptic airfoils. Three Reynolds numbers
(Re� 50, 100, and 185) and two Strouhal numbers (Sr� 0:2 and
0.4) are treated, and the thickness ratio varies from 0.05 to 1.0.

For the three given Reynolds numbers, the airfoils oscillating at
Sr� 0:2 do not produce thrust. When Sr� 0:4, airfoils with
Dy=Dx � 0:4 produce thrust at Re� 185. Thus, it can be said that,
in a low Reynolds number flow, there exist critical Reynolds and
Strouhal numbers for the thrust generation. An approximately 10%
thick airfoil produces themaximum thrust atRe� 185 andSr� 0:4.
Thus, the thickness distribution of the airfoil is also a crucial design
parameter for thrust production.When Sr� 0:2, the airfoils with the
thrust-indicating mushroom vortex patterns behind them do not
produce thrust.WhenSr� 0:4, a phase lag between the indication of
the mushroom vortex pattern and the resulting force generation is
observed. By investigating the velocity profile and the vorticity
intensities in the vortex cores, it can be found that the thrust-
indicatingmushroomvortex pattern itself cannot guarantee the thrust
generation. The thrust-producing airfoil generates the vortices strong
enough to overcome the momentum deficit.

Present results are obtained within the limitation of the laminar
flow assumption. Numerical schemes that consider the transition
from laminar to turbulent flows will be included in the future.
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